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Abstract
We study the modification of physical observables due to anisotropies in the framework of our
mean-field based approach proposed previously. We have shown that, in contrast to exchange
anisotropy (EA) interaction, the Dzyaloshinsky-Moriya (DM) interaction modifies the physics dra-
matically. Particularly, it changes the sign of the anomalous density to opposite in the whole range
of temperatures and changes the shape of the specific heat. By using the experimental data on the
magnetization of the compound TlCuCl3, we have found optimal values for the strengths of EA and
DM interactions. The spectrum of the energy of low lying excitations has also been studied and
found to develop a linear dispersion similar to Goldstone mode with a negligibly small anisotropy
gap. We come to the conclusion that to describe existing experimental data on magnetization as
well as the energy spectrum of spin gapped quantum magnets with anisotropies simultaneously,
one has to extend this approach, by choosing the vector of DM anisotropy appropriately.
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I. INTRODUCTION
Presently, it is well established that there is a class of quantum magnets, whose low
temperature properties could be described within the concept of Bose-Einstein condensation
(BEC) of quasiparticles called triplons [1]. Experimentally this is confirmed by studying
the critical exponents as well as magnetic excitation spectrum of such compounds at low
temperatures. A good example is the critical exponent φ, associated with phase boundary
Hc(T ), that divides the paramagnetic and field induced canted XY antiferromagnetic phase
of several quantum magnets, Hc(T )−Hc(0) ∝ T φ.
This exponent approaches its expected value of 3/2, which is typical for a system with
BEC, when the window of low temperatures is rather reduced [2]. Another experimental
evidence is offered by the properties of the excitation spectrum in the BEC state which has
been theoretically predicted to be a gapless Goldstone mode associated with the spontaneous
breaking of rotational symmetry by the staggered order. Thus, the presence of a spin-wave
like mode with a linear mode dispersion, Ek ∼ ck, is a convincing signal for the existence of
BEC [3]. Therefore, one may conclude that, at low temperatures thermodynamic properties
of such materials are determined mainly (not only) by the condensation of triplons [4].
Theoretically, the system of triplons can be described by the following effective Hamilto-
nian.
Hiso =
∫
d~r
[
ψ+(r)(Kˆ − µ)ψ(r) + U
2
(ψ+(r)ψ(r))2
]
. (1.1)
where ψ(r) is the bosonic field operator, Kˆ is the kinetic energy operator which defines the
bare triplon dispersion εk in momentum space and U is the strength of contact interaction.
The Hamiltonian in (1.1) is formally the same as used for BEC of atomic gases [5]. However,
there is a small difference in the strategy. In tasks related to atomic Bose gases the number
of particles N is assumed to be fixed, while the chemical potential µ(N, T ) is to be calculated
say, by the relation N ∼∑k 1/[eβ(εk−µ) − 1], where β is the inverse temperature. As to the
triplon gas, the chemical potential in (1.1) characterizes an additional direct contribution
to the triplon energy due to the external magnetic field H, µ = gµB(H − Hc) where g is
the electron Lande factor , µB = 0.672 KT
−1 is the Bohr magneton and Hc is the critical
magnetic field which defines the gap ∆ST = gµBHc between singlet and triplet states. In
the field induced BEC, µ is assumed to be an input parameter, from which the total number
of triplons can be calculated. Moreover, for homogenous atomic gases one may use simple
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quadratic bare dispersion εk = k
2/2m with good accuracy, while for spin-gapped quantum
magnets a more complicated form of bare dispersion is needed [6–10].
It is well known that the Hamiltonian in (1.1) leads to Bogoliubov dispersion, Ek =
√
εk
√
εk + 2Uρ ≈ ck + O(k3) at low temperatures, with ρ = N/V - density and c - sound
velocity, which is gapless. However, low frequency electron spin resonance ( ESR) mea-
surements on some materials, such as TlCuCl3 [11, 12], (C4H12N2)(Cu2Cl6) [13], Cs2CuCl4
[14], DTN [15] gave evidence of for a tiny spin gap. The origin of this gap is due to ex-
change anisotropy (EA) or Dzyaloshinsky-Moriya (DM) interactions, which should be taken
into account in the theoretical description particularly in the effective model Hamiltonian
[16]. A simpler extended Hamiltonian such as (1.1) including EA and DM interactions was
proposed by Sirker et al. [17]:
H =
∫
d~r{ψ+(r)(Kˆ − µ)ψ(r) + U
2
(ψ+(r)ψ(r))2 +
γ
2
[ψ+(r)ψ+(r) + ψ(r)ψ(r)]+
+iγ′[ψ(r)− ψ+(r)]}
(1.2)
where γ and γ′ are interaction strengths of EA and DM interactions, respectively (γ ≥ 0, γ′ ≥
0). Thus, once the Hamiltonian is given, one first separates fluctuations as ψ = ξ
√
ρ0 + ψ˜,
where ξ = eiΘ and ρ0 - are the phase of condensate wave function and its magnitude,
respectively; and then introducing second quantization, ψ˜ =
∑
k e
i~k~rak, ψ˜
+ =
∑
k e
−i~k~ra+k ,
makes an attempt to diagonalize H with respect to creation (a+) and annihilation (a)
operators. As a result, analytical expressions for quasiparticle (bogolon) dispersion Ek and
some other quantities may be obtained.
On the other hand, it is more effective to calculate grand canonical potential Ω, e.g. in the
path integral formalism [5, 18–20] to get more complete information about thermodynamics
of the system. This will be convenient to study possible modification of condensate wave
function, entropy, S = −(∂Ω/∂T ), heat capacity, CH = T (∂S/∂T ), magnetization M =
−(∂Ω/∂H), etc. due to anisotropies.
In our previous work [22] we derived an explicit expression of Ω for homogenous system
of bosons, described by the Hamiltonian (1.2). Minimization of thermodynamic potential
with respect to the phase ξ and condensate fraction, ρ0, together with the requirement of
dynamical stability of BEC led to following conclusions (see Table 1 of [22]).
a) The condensate has a definite phase [23], which is independent of temperature or
magnetic field.
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b) The phase angle Θ may have only discrete values, namely Θ = pin and Θ = pi/2 + 2pin
(n = 0,±1,±2...) for an equilibrium system of bosons without and with DM interaction,
respectively.
c) The presence of a weak DM interaction even with a tiny intensity smears out the
phase transition from BEC ⇒ normal phase into a crossover, i.e, the condensate fraction
may vanish only asymptotically by increasing the temperature. Besides, the DM interaction
fixes the direction of staggered magnetization, predicted by Matsumoto et al. [24], based on
symmetry considerations.
We have discussed also possible effects of such phase locking into well known phenomena
such as interference, Josephson current and Kibble-Zurek mechanism in quantum magnets.
In the present work we shall study the modification of some physical observables due to EA
and DM anisotropies given by Eq. (1.2).
This paper is organized as follows. In section II we discuss properties of main equations
of present approach; In section III we analyze the role of anisotropies for the thermodynamic
parameters such as anomalous density, self energies, magnetization and heat capacity. We
compare our theoretical results with experimental ones for the TlCuCl3 compound in section
IV and summarize our main results in section V.
II. PROPERTIES OF MAIN EQUATIONS
Before studying the dependence of physical observables on the intensity of EA and DM
interactions, by taking into account the locking of a condensate phase, we discuss the prop-
erties of equations for the self energies X1,2 and the condensate fraction ρ0 derived in our
previous work [22] as follows:
X1 = 2Uρ+ Uσ − µ+ Uρ0(ξ
2 + ξ¯2)
2
+ γ +
2γ′2D1
X22
(2.3a)
X2 = 2Uρ− Uσ − µ− Uρ0(ξ
2 + ξ¯2)
2
− γ − 2γ
′2D2
X22
(2.3b)
∂Ω
∂ρ0
= cos 2Θ(Uσ + γ) + U(ρ0 + 2ρ1)− µ− γ
′ sin Θ√
ρ0
= 0 (2.3c)
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where
A′1 =
∂A
∂X1
=
1
8
∑
k
(EkW
′
k + 4Wk)
Ek
(2.4a)
A′2 =
∂A
∂X2
=
1
8
∑
k
(k +X1)
2(EkW
′
k − 4Wk)
E3k
(2.4b)
B′1 =
∂B
∂X1
=
1
8
∑
k
(k +X2)
2(EkW
′
k − 4Wk)
E3k
(2.4c)
D1 =
A′1
D¯
; D2 =
B′1
D¯
; D¯ = A′21 − A′2B′1 (2.4d)
Wk =
coth(βEk/2)
2
; W ′k = β(1− 4W 2k ) =
−β
sinh2(βEk/2)
. (2.4e)
A = ρ1 − σ, B = ρ1 + σ, Ek =
√
εk +X1
√
εk +X2 is the energy dispersion, and the normal
ρ1 and anomalous σ densities are given below. To do this, we rewrite them separately for
the cases with ( γ′ = 0) and without (γ′ 6= 0) DM interactions, taking into account that for
these cases ξ = ±1 and ξ = i, respectively.
A. mode 1: γ′ = 0, γ 6= 0, ξ = 1
Here we have both phases, BEC and normal, which are sharply separated by critical
temperature Tc defined by the equation ρ0(T = Tc) = 0. The condensed fraction is given in
BEC phase by ρ0 = (∆− 2γ − Uσ)/U , where ∆ is the solution of the algebraic equation
∆ = µ+ 2U(σ − ρ1) + 5γ = U(ρ0 + σ) + 2γ (2.5)
and ρ1, σ are given by following general expressions
ρ1 =
∑
k
[
Wk(εk +X1/2 +X2/2)
Ek
− 1
2
]
≡
∑
k
ρ1k (2.6a)
σ =
(X2 −X1)
2
∑
k
Wk
Ek
≡
∑
k
σk (2.6b)
with X1 = 2∆, X2 = 2γ, Ek =
√
(εk + 2∆)(εk + 2γ and Wk = (1/2)coth(βEk/2).
In the normal phase ρ0(T > Tc) = 0, the self energies X1, X2 in the dispersion relation
Ek ≡ ωk =
√
(εk +X1)(εk +X2) are given as
X1,2(T > Tc) = 2Uρ− µ± (Uσ + γ) (2.7)
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where the total triplon density is
ρ(T > Tc) =
∑
k
1
eβωk − 1 (2.8)
Explicit expressions for other quantities are moved to Appendix A for convenience.
Note that our MFA based main equations are rather general leading to well known ap-
proximations used in the literature for the isotropic case. Particularly, one may derive
Hartree-Fock-Popov approximation (HFP) or simple Bogoliubov approximations as follows
• HFP approximation , widely used in literature is obtained by simply neglecting
with σ and γ in Eq. (2.5) resulting in following equation for the condensate fraction:
ρ0 = ρ− ρ1 = ρ−
∑
k
[
Wk(εk + Uρ0)√
εk
√
εk + 2Uρ0
− 1
2
] (2.9)
• Bogoliubov approximation. Further, at zero temperature, making formal replace-
ment ρ0 → ρ on the RHS of (2.9) gives
ρ0
ρ
= 1− 1
2ρ
∑
k
[
εk + Uρ√
εk
√
εk + 2Uρ
− 1] (2.10)
For infinite uniform system with ε = ~k2/2m, |k| = 0, ...∞, one may evaluate the mo-
mentum integration in (2.10) by using dimensional regularization to obtain following
well known formula [20, 21]
ρ0
ρ
= 1− 8
√
ρa3s
3
√
pi
(2.11)
where as = Um/4pi - s- wave scattering length. Remarkably, the quantum depletion
given by (2.11) , as well as the energy dispersion in Eq. (2.10) Ek =
√
εk
√
εk + 2Uρ
were proposed by Bogoliubov more then seventy years ago [25] and has been one of
the cornerstones of our understanding of interacting quantum fluids [26].
B. mode 2: γ′ 6= 0, γ 6= 0, ξ = i
The main equations for self-energies X1 and X2 are obtained from Eq. (20) of Ref. [22] by
setting ξ = i,
X1 = 2Uσ + 2γ +
γ′√
ρ0
+
2γ′2D1
X22
(2.12a)
X2 = 2Uρ0 +
γ′√
ρ0
− 2γ
′2D2
X22
. (2.12b)
6
The equation for the condensate fraction may be presented in the following dimensionless
compact form.
r30 + Pr0 +Q = 0 (2.13)
where we haveintroduced P = −σ¯ + 2(ρ¯1 − 1− γ¯), Q = −2γ¯′/√ρc0, r20 = ρ0/ρc0, σ¯ = σ/ρc0,
ρ¯1 = ρ1/ρc0, γ¯ = γ/µ, γ¯
′ = γ′/µ and ρc0 is the critical density of pure BEC, ρc0 = µ/2U .
In general, one has to solve these three coupled nonlinear algebraic equations with respect
to X1, X2 and r0 at a given temperature and magnetic field. Clearly, in such cases it is
important to guess initial values of X1(T ) and X2(T ), since the solutions are not unique.
For this purpose it is convenient to start from a higher temperature, say T ≈ 15K, where
σ(T  Tc) ≈ 0, γ′2/X22 → 0 and hence Eqs. (2.12) are simplified to
Z1 =
γ
µ
− Q
4r0
, Z2 =
r20
2
− Q
4r0
, (2.14)
where Z1 = X1/2µ and Z2 = X2/2µ.
High temperatures. For a weak EA interaction, γ/µ 1 Eqs. (2.14) coincide with those
obtained by Sirker et al. [27] within the HFP approximation with σ = γ = 0, and may be
solved easily by inserting Z1, Z2 into (2.13) thus by reducing the system of three coupled
equations into one cubic algebraic equation with respect to r0. It is clear that in this regime
the equations (2.3a) and (2.3b) are simplified as
X1(T  Tc) ≈ X2(T  Tc) = 2Uρ− µ (2.15)
where ρ = ρ0 + ρ1 is the total density of triplons , and Tc is defined as (dρ/dT )|T=Tc = 0,
(d2ρ/dT 2)|T=Tc ≥ 0 and hence the normal Σn and anomalous Σan self-energies have the form
Σn = µ+
X1 +X2
2
≈ 2Uρ, Σan = X1 −X2
2
≈ 0 (2.16)
In Fig. 1 , we present typical solutions of Eqs. (2.12) and (2.13) versus temperature for
γ′ = 0.1K and γ = 0. It is seen that at high temperatures X1 and X2 overlap with that
of pure BEC with γ = γ′ = 0 in accordance with Eq. (2.15). Therefore, the effect of the
anisotropy on self energies is negligibly small at high temperatures. On the other hand, the
effect of DM interaction on the condensate fraction is rather significant, as it is seen from
Fig.1(c).
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FIG. 1: Physical solutions of Eqs. (2.12) and (2.13) with only anisotropic DM interaction for
the input parameters g = 2.06, U = 315 K, H = 8.5 T, γ′ = 0.1 K, γ = 0 vs temperature. The
parameters of bare dispersion εk are taken from Ref. [8]. Figures (a), (b) and (c) represent the self
energies X1(T ), X2(T ) and condensate fraction ρ0(T )/ρ0c (ρ0c = µ/2U = 0.07), respectively, while
(d) illustrates the ratio X1(T )/X2(T ). Solid and dashed lines correspond to present approximation
and that by Sirker et al. [27], corresponding to the case with formal setting σ = γ = (γ′)2 = 0 in
Eqs. (2.12) and (2.13), respectively. The dotted lines represent isotropic case with γ = γ′ = 0.
In fact, since in the presence of DM interaction, Q 6= 0, Eq. (2.13) does not have a zero
solution, as illustrated in Fig. 1(c). Strictly speaking, at any temperature there exists a
finite condensate fraction. Thus, comparing ρ0(T ) for pure BEC (dotted curve) with that for
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the case of DM interaction (solid curve) in Fig.1(c) one may conclude that, DM anisotropy
smears out BEC transition into a crossover.
Low temperatures. Moreover, comparing those curves in Fig. 1(c) at low temperatures
one may note that the DM interaction enhances the condensate fraction significantly. For
example, the condensate fraction at T = 0 for γ′ = 0.1 K is nearly 2.7 times larger than
that for γ′ = 0, corresponding to the isotropic case.
Now we discuss low temperature behavior of self energies X1 and X2. As it is seen
from Fig.1 in this region in Sirker approach [27] X1 and X2 are nearly in the same order,
while in present approximation X1 is much smaller than X2, (X1/X2 ≈ 10−4) . The main
reason of this difference is that in present approximation the anomalous density has not been
neglected, and besides, the DM interaction is taken into account up to the second order in
the intensity. Now coming back to the main equations for X1 and X2 one may note that,
at low temperatures, D1 in Eqs. (2.12a) given by Eqs. (2.4) become negligibly small, while
D2 in (2.12b) remains finite. So the equation (2.12a) with γ = 0 and the difference X2−X1
can be written as
X1(T → 0) ≈ 2Uσ + γ
′
√
ρ0
(2.17a)
(X2 −X1)|T→0 ≈ 2U(ρ0 − σ)− 2γ
′2D2
X22
(2.17b)
From (2.17a) it can be immediately seen that, since σ > 0, 1 X1(T → 0) 6= 0 when γ′ 6= 0,
that is the gap in the quasiparticle dispersion Ek =
√
(εk +X1)(εk +X2) can never be closed
for γ′ 6= 0 (we shall back come to this point in Sect. IV). As to the difference X2 −X1, it
becomes large i.e. X2  X1 due to the presence of the last term in (2.17b) with D2 > 0,
since lowering the temperature leads to decreasing also X2.
C. Upper boundary for intensity of DM interaction
In our previous work [22], requiring positiveness of self-energies, X1 and X2, we have
found a boundary condition for the intensity of EA interaction as γ ≤ U |σ|. Now the
question arises ”Can a similar condition be found for the intensity of DM interaction γ′?”
1 See the next section
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First we note that the equation (2.13) for r0 has a positive solution regardless the sign
(and value) of P. In fact, since γ′ > 0, the number of sign changes in this equation is equal
to unity, it has exactly one positive solution due to Descartes rule. And hence, in Sirkers
approximation, the right hand side of both equations (2.14) are positive for any γ′ > 0.
Thus, when we neglect σ and use linear approximation in γ′, there is no upper bound for
the intensity of DM interaction, γ′. However, when we go beyond such approximation, we
have to deal with Eq.s (2.3a) and (2.3b), where the last terms with γ′2 play an important
role for large γ′. By examining the coefficients of γ′2, namely D1 and D2 given in Eq.s (2.4)
one may find that D2 > 0 and D1 < 0 at any temperature. Now, it can be understood
that, at large value of γ′, the last term in Eq. (2.12b) will dominate over the first and
second terms, making the whole RHS of this equation negative. Actual numerical analysis
for TlCuCl3 show that this happens at γ
′ > 0.7 K for H ≤ 20 T. In reality, γ′ is rather small:
γ′optimum ≈ 0.02 K (see Sect. IV). Anyway, in contrast to Sirker approximation, the present
approach, taking into account γ′ up to the second order, is able to predict upper bound for
the intensity of DM interaction γ′max ≈ 0.7K, beyond which this interaction destroys the
condensate of triplons.
III. SENSITIVITY OF THERMODYNAMIC CHARACTERISTICS TO
ANISOTROPIES
In our previous work [22] we have shown that the presence of HEA and DDM terms in
the bosonic Hamiltonian with contact interaction may seriously modify the phase and the
condensate fraction of BEC. Now we discuss their influence on some physical quantities .
A. Anomalous density and self-energy
Firstly we show that even a tiny DM interaction changes the sign of anomalous density
σ, which is negative for pure BEC, as it was proven in [22]. In fact, subtracting from Eq.
(2.12a) the Eq.(2.12b) and using (2.6b) with γ = 0, one obtains
σ = S˜(ρ0 − σ)− S˜γ
′2(D1 +D2)
UX22
(3.18)
10
where S¯ = U
∑
kWk/Ek. The formal solution of (3.18) is
σ =
S˜[ρ0 − γ′2(D1 +D2)/UX22 ]
1 + S˜
(3.19)
Now, from explicit expressions for D1, D2 defined in Eqs. (2.4) it can be shown that
(D1 + D2) ≤ 0 . Thus, from (3.19) it is understood that σ(γ′ 6= 0) ≥ 0 at any temperature
for U > 0, γ′ > 0. Numerical results presented in Fig. 2 (a) confirm this conclusion. As
to the magnitude of anomalous density, it is seen that both kind of anisotropies lead to
increasing of |σ|, which may reach even 20% of the total density of triplons in the moderate
values of γ′.
In Fig. 2 (b), a similar quantity, namely, the ratio of anomalous self energy to the normal
self energy, Σan/Σn is presented. It is seen that, Σan does not vanish even in the normal
phase, where it is equal to Σan(T > Tc) = γ. Moreover, presence of DM interaction changes
the sign of Σan to opposite.
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γ= 0 . 1  K
σ
/ρ T  [ K ]
γ= 0 . 2  K
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FIG. 2: The ratio of anomaly density (σ) to the total density (ρ) of triplons vs temperature for
various intensity parameters of DM and EA interactions - (a); (b): the same as in (a) but for the
ratio of anomalous and normal self energies. It is seen that, presence of DM interaction changes
the sign of both anomalous density and self energy to opposite. The solid curves in both figures
correspond to isotropic case with γ = γ′ = 0. The input parameters are the same as in Fig. 1.
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B. The shift of critical temperature
Critical temperature Tc is one of the main characteristics of systems undergoing BEC
transition. It is understood that the presence of any kind of interaction (or geometry of
a trap) modifies the critical temperature of BEC. Quantitatively this is characterized in
literature by the relative shift of critical temperature ∆Tc/T
0
c defined as
∆Tc/T
0
c ≡
Tc − T 0c
T 0c
(3.20)
where T 0c is the critical temperature of BEC transition without the interaction under con-
sideration.
0 . 0 0 . 1 0 . 2 0 . 3 0 . 40 . 0
0 . 1
0 . 2
0 . 3  ∆T c / T 0 c = α1⋅γ+α2⋅γ2 e x a c t
∆T c
/T0 c
γ  [ K ]
α1=1.167 Κ
−1
α2=−1.194 Κ
−2
( a )  -  E A
0 . 0 0 0 . 0 5 0 . 1 0 0 . 1 5 0 . 2 00 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
0 . 6
0 . 7
0 . 8
0 . 9  ∆T c / T 0 c = α' 1⋅γ'  +α' 2⋅γ' e x a c t
∆T c
/T0 c
γ '  [ K ]
α' 1=1.647 Κ−1/2
α' 2=0.0529 Κ−1 ( b )  -  D M
FIG. 3: The shift of critical temperature due to EA (a) and DM (b) interactions (solid curves).
Dashed curves are phenomenological fits. The input parameters are the same as in Fig. 1.
In general, the problem of accurate estimation of the shift turned out to be highly non-
trivial, since close to the phase transition, the physics in the interacting gas is governed
by strong fluctuations, which make perturbation theory inapplicable [28]. Nevertheless, one
can find in the literature some analytical formulas for ∆Tc/T
0
c due to interparticle contact
interaction [29]; due to the trap geometry [30], or due to disorder [31, 32]. We now consider
how the critical temperature Tc of triplon BEC will be affected by anisotropies. To find
an answer to this question we have to make numerical analyses, since performing analytical
estimations turned out to be rather complicated.
In Figs. 3 (a) and (b) we present the dependence of the shift due to EA and DM
interactions, respectively. For weak anisotropies these can be approximated in powers of γ/U
12
and
√
γ′/U as ∆Tc/T 0c (γ) ≈ a1(γ/U) + a2(γ/U)2 and ∆Tc/T 0c (γ′) ≈ a′1
√
(γ′/U) + a′2(γ
′/U)
for the cases of EA and DM interactions , respectively. Clearly the optimized parameters ai
and a′i depend on the external magnetic field H also. Particularly, for TlCuCl3 with U = 315
K at H = 8.5 T we obtained a1/U = 1.167 K
−1, a2/U2 = −1.194 K−2, a′1/
√
U = 1.647 K−1/2
and a′2/U = 0.053 K
−1, as it is illustrated in Figs. 3.
Firstly, one may note that in both cases ∆Tc ≥ 0, which means that presence of the
anisotropies shift the critical temperature of BEC transition, (or a crossover in the case of
DM anisotropy) toward high values. Secondly, it is seen that, the influence of anisotropy
is not negligibly small at moderate values of the intensities. For instance, DM interaction
with γ′ ≈ 0.1 K modifies Tc with ∆Tc/T 0c (γ′ = 0.1 K) ∼ 50%. Thirdly, DM anisotropy
modifies the critical temperature more strongly than EA anisotropy: For example, for the
equal values of intensities, say, γ = γ′ ≈ 0.1 K , the shift due to DM interaction is nearly five
times larger than due to EA interaction. Thus, the critical temperature is more sensitive to
DM interaction than to EA one.
C. Magnetization
In Figs.4 the uniform magnetization M(T ) and M2⊥(T ) are presented for various values
of γ and γ′ vs temperature. It is seen that the EA interaction modifies both of these
quantities mainly at low temperatures (T ≤ Tc) (Figs.4 (a), (c)). As to the DM interaction
its effect is twofold. At low temperatures it enhances M as well as M⊥ and, in contrast to
EA interaction, it prevents the staggered magnetization from vanishing at T ≥ Tc. Thus,
taking into account of DM anisotropy, at least in the linear form as in (1.2) within MFA, is
inevitable in description of experimental data on M⊥, reported by Tanaka et al. many years
ago [33].
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FIG. 4: Uniform magnetization vs temperature with only EA (a) and DM (b) anisotropies. Solid
lines correspond to the isotropic case with γ = γ′ = 0. Figures (c) and (d) present the square of
staggered magnetizations (M⊥)2. The input parameters are the same as in Figs. 1.
D. Heat capacity at constant field, CH
In the presence of BEC the heat capacity exhibits following specific features
• Its dependence on temperature has a well known ”λ− shape” [34] which was firstly
observed in superfluid helium [35];
• Near absolute temperature, CV (T ) behaves like CV (T ) ∝ T 3, due to a linear energy
dispersion, responsible for the superfluidity;
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• Near the critical temperature CV has a discontinuity, i.e. ∆CV ≡ lim
→0
[CV (Tc − ) −
CV (Tc + )] 6= 0 which is expected for a second order phase transition [36]
To study these features of the heat capacity of triplons at a constant magnetic field and in the
presence of anisotropies, we evaluate CH(T ) for the case of only EA and DM anisotropies, and
present them in Fig. 5(a) and Fig.5(b), respectively. Firstly, it is seen that in both cases of
low and high temperature behavior of CH(T ) is not modified significantly, almost coinciding
with the case without anisotropy (solid lines in Figs.5a,b,c). That is the anisotropies are
prominent mainly in the critical region. Further, EA interaction leaves the famous λ-shape
almost unchanged (Fig.5 (a)).
On the other hand, the DM interaction modifies CH(T ) dramatically, especially near Tc,
leading to small oscillations. As seen in Fig. 5 (b) CH(T ) with e.g. γ
′ = 0.1 K, in the critical
region has two local minima and a maximum. This is one of our main predictions. Clearly,
they appear due to the enhancement of quantum fluctuations near Tc, which were taken into
account in the present approximation more precisely. In fact, when the anomalous density
is neglected, which corresponds to Sirker’s approximation [17], the local minima vanish (see
Fig. 5 (c)). In general, as it is seen from Figs. 5 (b) and (c) owing to the DM interaction
CH(T ) reaches its maximum at T = Tc, rather gradually. Naturally, this picture is common
for a crossover, not for a second order phase transition.
As to the EA anisotropy, in this case, as we noted above, there is a definite point Tc where
ρ0(T = Tc) = 0, which separates BEC and normal phases. This leads to a sharp maximum
in the specific heat (see Fig. 5 (a)), as in the case of a pure BEC without any anisotropy
(solid line in Fig. 5 (a)).
In order to find the how the order of the phase transition is affected by the EA interaction
we evaluated ∆CH vs the intensity of EA interaction by using Eq.s (A.15), (A.16). The
results are presented in Fig. 5 (d). It is seen that ∆CH(γ = 0, γ
′ = 0) ≈ 3.41 i.e. the
discontinuity is positive for a pure BEC, as it is expected [34, 37]. Moreover, EA interaction
not only increases its magnitude but also may change its sign. In our particular case, with
typical input parameters of TlCuCl3 at H = 8.5 T this happens at a rather small value of γ,
namely ∆CH(γ = 0.0014 K) = 0. One may show that, similarly to ∆Tc, in such small values
of the EA intensity, 0 < γ ≤ 0.1 K, the function ∆CH(γ) can be approximated (dashed line
in Fig. 5 (d)) as ∆CH(γ) ∼ a + b√γ + cγ. For example, at H = 8.5 T, the optimal values
are: a = 3.41 ∗ 10−3, b = 0.095 K−1/2 and c = 0.1 K−1. In spite of the EA anisotropy ∆CH
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remains finite which proves that the corresponding BEC like transition may be classified as
a second order phase transition. As to the effect of DM interaction, the fact that it leads to
a continuous crossover may be seen also from following Ehrenfest relation [38]:
∆CH = −{T (∂H
∂T
)[∆(
∂M
∂T
)]}|T=Tc (3.21)
For the triplon BEC with DM anisotropy, the critical temperature is defined as the minimum
of the total density, so, at T = Tc, (∂M/∂T ) ∼ (∂ρ/∂T ) = 0, while for the EA anisotropy
Tc is defined simply as ρ0(Tc) = 0.
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FIG. 5: The heat capacity CH vs temperature with only EA:(a) and DM: (b),(c) anisotropies
. Solid lines correspond to the isotropic case with γ = γ′ = 0. Figure (b) is obtained in present
approximation, while, (c) in Sirker approximation [17], by formally setting σ = 0 and (γ′)2 → 0 in
Eqs. (2.3), (A.9). (d): The discontinuity [∆CH ] ≡ CH(Tc− 0)−CH(Tc + 0) vs the intensity of EA
interaction (see Eq. (A.15)). The dashed curve is a phenomenological fit. The input parameters
are the same as in Figs. 1. Here one should note that, the presence of anisotropies modifies not
only CH but also Tc.
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IV. RESULTS FOR REALISTIC PARAMETERS FOR TlCuCl3 AND DISCUS-
SIONS
In the previous section we studied the effect of anisotropies on thermodynamic quantities.
Particularly, we have shown that, in contrast to EA interaction, the DM interaction modifies
their behavior dramatically. It smears BEC transition to a crossover and leads to small
oscillations in specific heat in the critical region. Clearly, the significance, or measurability of
such effects depend on their interaction strengths γ and γ′. Obviously, unless we fix realistic
values of these parameters for a real material, our studies remain just as an academical ones.
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FIG. 6: Uniform (a) and staggered (b) magnetizations for T lCuCl3, H // b. Solid and dashed
lines correspond to present approximation and approximation by Sirker et.al [27], respectively.
Experimental data are taken from [39]. The optimized parameters are γ = 0.05 K, γ′ = 0.0201
K and U = 367 K. Diamagnetic and other contributions to total experimental magnetizations are
taken into account following ansatz by Dell’amore et al. [39].
Among the 3D quantum dimerized magnets with a spin gap TlCuCl3 seems to be the
most experimentally studied compound [3, 7–9, 12], [39, 40], [41–49]. The observation of
a finite M⊥ at T ≥ Tc [33] uniquely indicates the presence of DM interaction with a finite
γ′. Thus, using existing experimental data on the magnetization and the heat capacity of
TlCuCl3, we have made an attempt to obtain optimal values of input parameters of the
present approach. The result for H//b is as follows. g = 2.06; U = 367 K; γ = 0.05 K and
γ′ = 0.0201 K. The magnetizations M and M⊥ corresponding to this set of parameters are
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depicted in Figs. 6 (a) and (b), respectively. It is seen that the inclusion of DM anisotropy
gives a good description of the staggered magnetization especially at higher temperatures
(see, inset of Fig. (b)). Moreover, taking into account the anomalous density σ leads to a
better description of M e.g. at low temperatures, compared with the Sirker’s approximation
[27], where σ has been neglected.
Remarkably, the experimental fit of parameters can be reached with rather small values
of anisotropies, namely γ/U = 1.36 · 10−4 and γ′/U = 5.47 · 10−5. For this reason, for
TlCuCl3 the oscillations of CH near critical region, predicted in previous section become
negligibly small, being out of experimental resolution [41]. Thus we have found that, the
experimental data on magnetization and specific heat of TlCuCl3 can be well described by
the present approach. On the other hand there exist experimental measurements on the
energy of magnetic excitations. In following subsection we shall compare our results with
these experiments.
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FIG. 7: a) The schematic illustration of energy levels of a spin-gapped system. At H=Hc the
gap ∆ST closes and may reopen due to anisotropies with a tiny gap ∆an . b) Energy dispersion
of the low-lying magnetic excitations in TlCuCl3. The solid, dashed and dotted lines correspond
to present approximation including anisotropies; approximation by Sirker etal. [27] and without
anisotropy , respectively. The experimental data are taken from [43].
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A. Energy dispersion
As it has been outlined in the Introduction, a spin gapped quantum magnet e.g. TlCuCl3
has a dimer structure and a finite energy gap in zero field ∆ST between the singlet S = 0
ground state and the first excited states, S = 1. When an external field is applied and
reaches a critical value Hc = ∆ST/gµB the gap is closed due to the Zeeman effect, as it is
illustrated in Fig. 7 (a). The excitation spectrum of this compound so far was studied in
detail by inelastic neutron scattering (INS) [43–48] as well as ESR measurements [12, 49].
The INS studies confirmed that, the system becomes quantum critical at Hc ≈ 5.7 T
where the energy of the lowest Zeeman - split excitation |1,+1〉 crosses the nonmagnetic
ground state |0,+0〉. Above this lowest mode the system remains as a gapless Goldstone
mode and develops a linear dependence on the momentum, which is a good signal of oc-
currence of BEC. On the other hand, ESR study on this compound gave evidence for a
tiny spin gap with minimal value ∆an ∼ 0.2 meV, which was not observed in INS ex-
periments (see Fig.7a). Therefore, the experimental situation on the energy spectrum of
TlCuCl3 has not been clear yet. In fact, on the one hand , the lowest excitation spectrum
for Hc ≤ H ≤ Hsaturation at T ≤ Tc is gapless, ∆an(INS) = 0 , on the other hand, it has a
finite gap ∆an(ESR) 6= 0 and hence can not be linear. Theoretically, it is clear that, if the
gap remains finite it may be caused by a lattice anisotropy.
Here for clarity, it should be noted that in the present version of mean-field theory
one should distinguish two energy dispersions: A bare dispersion εk and the dispersion of
collective excitations, given as Ek =
√
εk +X1
√
εk +X2, where the self-energies X1 and X2
are discussed in Sect. II. The dispersion of elementary excitations at zero field εk is well
studied experimentally [44, 46] and presented as a function of momentum and intra (inter)
- dimer interactions Ji as εk(Ji). One can find in the literature an explicit expression for
εk(Ji) with its optimized parameters [3, 8, 46], which, has been used also in present work
with the normalization εk |k→0= ~k2/2m [38].
As to the energy spectrum at H ≥ Hc it is clearly model dependent. For example, in
the isotropic case at T ≤ Tc it is gapless, given by Ek =
√
εk +X1
√
εk ∼ ck + O(k3), so,
∆an = Ek |k→0= 0 in agreement with experimental predictions by Ru¨egg et al. [43]. In
the presence of anisotropies it has a finite gap ∆an =
√
X1X2, where X1, X2 are defined
by the system of equations (2.12) and (2.13). By using our optimal input parameters we
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obtained a finite but rather small value ∆an(H = 14 T, T=1.5 K)=10
−4 meV, which is
consistent with INS measurements, but not with ESR ones :∆an(H = 14 T, T=1.5 K)=0.2
meV [12, 49]. In Fig. 7(b) we present quasiparticle spectrum Ek =
√
εk +X1
√
εk +X2,
(kx = kz = 0, ky = piqy) for H = 14 T at T = 1.5 K. It is seen that, the excitation energy
in present approximation is almost linear, in accordance with experimental predictions.
However, the magnitudes of Eexper.k are rather underestimated. This can be understood as
follows. As it has been shown in Sect. II at low temperatures, the self energies, especially
X1 is rather small (Fig.1). Our input parameters optimized by experimental magnetisations
lead to much smaller values: X1(H = 14 T, T=1.5 K)=0.67
.10−5 K, X2(H = 14 T, T=1.5
K)=0.19 K, so X1  X2. As a result, the momentum dependence of the dispersion is similar
to that of isotropic one: Ek =
√
εk +X1
√
εk +X2 ∼ √εk
√
εk +X2 which is practically
nothing but the Goldstone mode. Thus we may come to the conclusion that in accordance
with present approximation the lowest excitation energy of TlCuCl3 at very low temperatures
has a rather small, but finite gap and exhibits, practically, a linear dispersion at small
momentum, in spite the presence of EA and DM interactions. Note that, a similar situation
has been observed for compounds Sr3Cr2O8 and Ba3Cr2O8, who has DM interaction, but
no anisotropy gap, i.e. ∆an(Sr3Cr2O8) = 0, ∆an(Ba3Cr2O8) = 0 [10].
B. Discussions
Therefore, in the present section, having fixed the parameters of the theory by magneti-
zation data on TlCuCl3, we studied its energy spectrum above the critical field at T ≤ 1.5
K. We have found that, the description of magnetizations for H//b is quite well, while that
of the energy dispersion of the low-lying magnetic excitations needs to be improved. In some
sense, this reminds the situation in nuclear physics: One can choose optimal parameters for
the nucleon - nucleon potential by experimental data on cross sections, but fails to accu-
rately describe the binding energies of even light nuclei. Anyway, the main reason of our
failure seems to be the simplicity of the HDM used here (the last term in Eq. 1 (e)). In fact,
in deriving this linear Hamiltonian it has been assumed that, the DM vector is parallel to
x, i.e. ~D = [Dx, 0, 0] [17]. So, it is naturally expected that by using a more general form
for HDM , where other components of ~D - vector are also included [16, 24] one will be able
to describe not only magnetizations, but also excitation energies in the extended version
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of present mean-field approach. Note that, by neglecting the other components of the DM
vector, one cannot describe magnetizations for H⊥(1, 0, 2¯) either.
V. SUMMARY AND CONCLUSIONS
We have studied effects of lattice anisotropies on thermodynamic characteristics of spin
- gapped quantum magnets for Hc ≤ H < HSaturation by applying our extended mean- field
based approach , proposed in our previous work [22]. This nonperturbative approach takes
into account anomalous density and both EA and DM interactions more accurately than it
is done e.g. in Hartree- Fock - Popov approximation. We derived explicit expressions for
some thermodynamic quantities which include the self energies X1 , X2 and the condensate
fraction ρ0. Analyses of the coupled equations with respect to these three quantities show
that at high temperatures T  Tc, the self energies X1,2 are not significantly affected by
EA and DM interactions. Meanwhile, the latter strongly modifies the condensate fraction
converting BEC transition into a crossover.
At low temperatures the DM interaction increases ρ0 , but leads to rather small val-
ues of X1, compared with the isotropic case. As a result, the energy dispersion Ek =√
(εk +X1)(εk +X2), develops a linear dependence at small momentum , in accordance
with experimental predictions.
In contrast to EA interaction, the presence of DM interaction, even in the simple linear
form in the Hamiltonian, modifies the anomalous density, changing it’s sign to opposite, and
the behavior of the specific heat CH in the critical region. Particularly, its usual ”λ - shape”
disappears at strong DM interactions which is ordinarily expected for a crossover.
We have found optimal input parameters of the Hamiltonian for the compound TlCuCl3
which describes experimental data on magnetisations, at least for H//b, quite well. This set
of parameters lead to a linear dispersion of energy of quasiparticles, but predicts rather small
value of an anisotropy gap, estimated by ESR measurements. Here it should be noted that,
the experimental data on this compound is rather old, so new measurements with higher
resolution are welcomed very much.
In future work we shall extend our Hamiltonian by taking into account more realistic DM
interaction to obtain rather satisfactory description of experimental data on magnetisations
as well as spectrum of low lying excitations simultaneously.
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Appendix A: Explicit expressions for some thermodynamic parameters
As it is shown in Section II the physics of the cases with and without anisotropies is quite
different. In the presence of DM interaction all useful expressions for physical observables
may be found by setting ξ = i in equations (2.3a) and (2.3b) which to be solved by restriction
X1 ≥ 0, X2 ≥ 0. However, when DM is absent (γ′ = 0, γ 6= 0), one must be aware of
Hugenholtz- Pines (HP) theorem [50] which holds in the limit γ → 0. Below, we discuss
these two cases separately.
1. Mode 1: γ′ = 0, γ 6= 0
We start from explicit expression for Ω:
Ω(γ′ = 0, γ 6= 0, ξ = 1) = Uρ21 + U(σ
2+ρ20)
2
+ ρ1
(−X1
2
− X2
2
− µ+ 2Uρ0
)
+
σ
(
X2
2
− X1
2
+ γ + Uρ0
)
+ γρ0 − µ0ρ0 + ΩT (A.1)
where
ΩT =
1
2
∑
k
(Ek − εk) + T
∑
k
ln(1− e−βEk) (A.2a)
X1 = U(3ρ0 + 2ρ1 + σ)− µ+ γ (A.2b)
X2 = U(ρ0 + 2ρ1 − σ)− µ− γ (A.2c)
Ek =
√
(εk +X1)(εk +X2) (A.2d)
and µ0 = 2Uρ1 + Uσ + γ + Uρ0 is introduced [51] to avoid Hohenberg-Martin dilemma [52]
in the condensate phase. In this phase, ρ0(T ≤ Tc) = 0 and HP relation may be written in
a slightly “broken” form [53]:
Σn − Σan − µ = X2 = 2γ (A.3)
which gives a gapless energy dispersion in the γ → 0 limit: Ek(T < Tc) =√
(εk +X1)(εk + 2γ). Using (A.2b), (A.2c) and (A.3) gives
X1 = 2Uσ + 2Uρ0 + 4γ (A.4)
whose solution is positive defined due to |ρ0| ≥ |σ|. This equation may be rewritten in a
more convenient form as
∆ =
X1
2
= µ+ 2U(σ − ρ1) + 5γ (A.5)
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where σ and ρ1 are given by Eqs.(2.6a) and (2.6b) with X2 = 2γ, X1 = 2∆ and µ =
gµB(H −Hc). Having solved (A.5) with respect to ∆ one may evaluate the densities as
ρ0 =
∆− 2γ − Uσ
U
(A.6a)
ρ =
∆ + µ+ γ
2U
(A.6b)
In the normal phase (T > Tc), one may neglect with ρ0 in Eqs (A.2b) and (A.2c) to obtain
X1,2(T > Tc) = 2Uρ− µ± γ (A.7a)
ρ(T > Tc) =
∑
k
1
eβωk − 1 (A.7b)
ωk =
√
(εk +X1)(εk +X2) (A.7c)
The Gibbs thermodynamic potential F = Ω + µ0ρ0 + µρ is given as
F =

1
2
∑
k(Ek − εk) + T
∑
k ln(1− e−βEk) + U(ρ0+σ)
2
2
+γ(ρ0 + 2σ − ρ1) + U(ρ2 − ρ20)−∆(ρ1 + σ), T ≤ Tc
T
∑
k ln(1− e−βωk) + ρµ− Uρ2 − Uσ
2
2
, T > Tc
(A.8)
The entropy S, heat capacity CH and Gru¨neisen parameter may be found as [54]
S = −
(
∂F
∂T
)
H
= −
∑
k
ln [1− exp(−βEk)] + β
∑
k
Ek
eβEk − 1 (A.9a)
CH = T
(
∂S
∂T
)
=
1
4
∑
k
W ′kEk(E ′k,T − βEk) (A.9b)
ΓH = − 1
CH
(
∂µ
∂T
)
H
=
gµB
CH
(
∂ρ
∂T
)
(A.9c)
where Ek =
√
(εk +X1)(εk +X2) and E ′k,T = (∂Ek/∂T )H . Below we bring explicit expres-
sions for E ′k,T and ρ′T for normal (T > Tc) and BEC phases (T ≤ Tc), where the critical
temperature is defined at the point ρ0(T = Tc) = 0.
a. Critical temperature and density
The condition ρ0(T = Tc) = 0 leads the following coupled equations with respect to Tc
and σc [53]:
µ
2U
+
σc + 3γ˜
2
−
∑
k
fb(E
c
k)
Eck
[εk + U(σc + 3γ˜)] = 0
σc + U(σc + γ˜)
∑
k
fb(E
c
k)
Eck
= 0
(A.10)
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where Eck = Ek(T → Tc) =
√
εk +Xc1
√
εk + 2γ , X
c
1 = 2U(σc+γ˜) , fb(x) = 1/(exp(x/Tc)−1)
and γ˜ = γ/U . The critical density is given by
ρ(T = Tc) =
µ
2U
+
σc + 3γ˜
2
(A.11)
b. Normal phase
For T > Tc, differentiating (A.7b) and using (A.7c) one will get:
ρ′T =
βS1
(S2 − 1); ωk =
√
εk + 2Uρ− µ+ γ
√
εk + 2Uρ− µ− γ (A.12a)
E ′k,T = ω′k =
2Uρ′T (εk + 2Uρ− µ)
ωk
(A.12b)
S1 =
1
4
∑
k
ωkW
′
k, S2 =
U
2
∑
k
W ′k(εk + 2Uρ− µ)
ωk
(A.12c)
where W ′k = −β/sinh2(βωk/2) and Wk = 1/2 coth(βωk/2).
c. BEC phase
In this case Ek(T ) = Ek(T ) =
√
(εk + 2∆(T ))(εk + 2γ) differentiation of which gives
E ′k,T = E ′k,T =
εk + 2γ
Ek
∆′T (A.13)
To find ∆′T = (∂∆/∂T ), we can differentiate both sides of Eq.(A.5) with respect to T and
solve it with respect to ∆′T . The result is
∆′T =
(
∂∆
∂T
)
H
=
US3
2T (2S4 + 1)
(A.14)
S3 =
∑
kW
′
k(εk + 2∆), S4 = U
∑
k (4Wk + EkW
′
k)/4Ek. As to ρ
′
T it can be found directly
from (A6b) as ρ′T (T ≤ Tc) = ∆′T/2U .
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d. Discontinuity in heat capacity
Using above formulas one may obtain following expressions for the discontinuity in CH
as
[∆CH ] ≡ CH(Tc − 0)− CH(Tc + 0) = 1
4Tc
∑
k
[E2kcW
′
k(Ekc)− ω2kcW ′k(ωkc)− TcEkcW ′k(Ekc)E ′kc+
TcωkcW
′
k(ωkc)ω
′
kc]
ωkc =
√
εk + Uσc + 4γ
√
εk + Uσc + 2γ
Ekc =
√
εk + 2Uσc + 4γ
√
εk + 2γ
ω′kc =
2US1c(εk + Uσc + 3γ)
Tcωkc(S2c − 1)
E ′kc =
US3c(εk + 2γ)
2TcEkc(2S4c + 1)
S1c =
1
4
∑
k
ωkcW
′
k(ωkc)
S2c =
U
2
∑
k
W ′k(ωkc)(εk + Uσc + 3γ)
ωkc
S3c =
∑
k
W ′k(Ekc)(εk + 2Uσc + 4γ)
S4c =
U
4
∑
k
EkcW
′
k(Ekc) + 4Wk(Ekc)
Ekc
(A.15)
where W ′k(x) = −βc/sinh2(βcx/2) , Wk(x) = 1/2 coth(βcx/2), and 1/βc = Tc , σc are defined
in Eq.s (A.10). For case of pure BEC, this can be simplified as [38]
[∆CH ](γ = 0, γ
′ = 0) =
Us23
8Tc(2s4 + 1)
s3 =
∑
k
W ′k(εk)εk
s4 =
U
4
∑
k
4Wk(ε) + εkW
′
k(εk)
εk
(A.16)
2. Mode 2: γ′ 6= 0, γ 6= 0 case
The expressions for S, CH and ΓH remains formally unchanged. However explicit expres-
sions for E ′k,T and ∂ρ/∂T in (A.9b) and (A.9c) are rather complicated. implicit differentiation
of Ek =
√
(εk +X1(T ))(εk +X2(T )) gives
E ′k,T =
∂Ek
∂T
=
(εk +X2)X
′
1 + (εk +X1)X
′
2
2Ek
(A.17)
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where X ′1 = ∂X1/∂T , X
′
2 = ∂X2/∂T will be given below. Now differentiating both sides of
equations ρ1 = (A+B)/2, σ = (B − A)/2 with respect to temperature one obtains
dρ0
dT
= Cρ[X
′
1(B
′
1 + 3A
′
1) +X
′
2(A
′
1 + 3A
′
2) + A
′
t +B
′
t] (A.18a)
dρ1
dT
=
X ′1
2
(A′1 +B
′
1) +
X ′2
2
(A′1 + A
′
2) +
1
2
(A′t +B
′
t) (A.18b)
dσ
dT
=
X ′1
2
(B′1 − A′1) +
X ′2
2
(A′1 − A′2) +
1
2
(B′t − A′t) (A.18c)
dρ
dT
=
dρ0
dT
+
dρ1
dT
(A.18d)
where Cρ = −Uρ3/20 /(γ′+ 2Uρ3/20 ), A′t = −(β/4)
∑
kW
′
k(εk +X1), B
′
t = −(β/4)
∑
kW
′
k(εk +
X2) and A
′
i = ∂A/∂Xi, B
′
i = ∂B/∂Xi given in (2.4e).
In above equations X ′1 = dX1/dT and X
′
2 = dX2/dT are still unknown. To find them we
rewrite equations (29a) and (29b) in our previous paper [22] in following equivalent form
M11A
′
1 +M12B
′
1 = 0 (A.19)
M12A
′
1 +M11A
′
2 +
2γ′2
X22
= 0 (A.20)
with M11 = −X2 + 2Uρ0 + γ′/√ρ0, M12 = −X1 + 2Uσ + 2γ + γ′/√ρ0 .
Now differentiating both sides of (A.19),(A.20) and solving resulting equations with re-
spect to X ′1, X
′
2 one finally gets:
X ′1 =
A12b2 − b1A22
A11A22 − A21A12 , X
′
2 =
A21b1 − b2A11
A11A22 − A21A12 (A.21)
where
A11 = A
′
1M11,1 +M11A
′′
11 +B
′
1(−1 +M ′12,2) +M12B′′11 (A.22a)
A12 = A
′
1(−1 +M ′11,1) +M11A′′12 +M ′12,2B′1 +M12A′′11 (A.22b)
A21 = A
′
1(−1 +M ′12,2) +M12A′′11 +M ′11,1A′2 +M11A′′12 (A.22c)
A22 = A
′
1M
′
12,2 +M12A
′′
12 + (−1 +M ′11,1)A′2 +M11A′′12 (A.22d)
b1 = M
′
11,tA
′
1 +M11A
′′
1,t +M
′
12,tB
′
1 +M12B
′′
1,t (A.22e)
b2 = M
′
12,tA
′
1 +M12A
′′
1,t +M
′
11,tA
′
2 +M11A
′′
2,t (A.22f)
and we introduced such notations as M ′ij,k = ∂Mij/∂Xk, A
′′
ij = ∂
2A/∂Xi∂Xj, f
′
t is an explicit
derivative with respect to temperature f ′t(ϕ(X1(T ), X2(T ), T ) = df/dT − (∂f/∂ϕ)X ′1 −
28
(∂f/∂ϕ)X ′2.
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